ON BIEBERBACH-EILENBERG FUNCTIONS. III

BY
JAMES A. JENKINS

1. In the earlier papers with this title [6], [7] we treated a number of extremal
problems for the class of Bieberbach-Eilenberg functions, some of the results
applying only when the functions were further required to be univalent. The
method used was primarily that of considering appropriate module problems and
applying circular symmetrization. In the present work we will first apply the
generalized Area Principle to obtain various results for univalent Bieberbach-
Eilenberg functions. Secondly we will give an application of a somewhat different
type of module problem which does not require the assumption of univalence.
Similar applications are made in each case to a family of functions introduced by
Shah [13]. The latter functions admit direct application of the General Coef-
ficient Theorem, and we give an example of one such. It is then shown how a
corresponding result can be obtained for Bieberbach-Eilenberg functions. Next
we discuss ways in which the definition of both familiescan be generalized. Finally
we remark on the manner in which the requirement of univalence can be removed
for an earlier result.

2. We begin with the proof of the following basic result.

THEOREM 1. Let f(z) be regular and univalent in |z| < 1. Let F({) be univa-
lent in |C| > 1 and regular apart from a simple pole at the point at infinity
where it has the Laurent expansion F({) = c{ + co + ¢;{ ~*+ ---. Let the images
of |z| <1 by w=f(z) and of ICl >1 by w=F((): be nonoverlapping. Let
appropriate branches of the following functions have the expansions indicated,
where |z|, |Z| <1, ||, |n] > 1:

log /=@ _ 3 a2,

_f@\_ ¥ my =1

‘°g( F(c)) I
F©O = )\ _ i
log( c(C—n) ) ,..,El "0

Let z;, j=1,---,n, n > 1, be points in |z| <1,8, k=1,---,N,N >0, be points
in |¢|>1. Let a;, j=1,---,n, be complex constants satisfying X} a;=0,
U, k=1,---,N, be arbitrary complex constants. Then
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00 n 0 N 0
X m|X “j(z AmzZ;)+ ) Ilk(z Ami k-l)lz
m=1 ji=1 1=1 k=1 1=1
M
00 n o N 0
+ X I1|X “j(z 1».12}") + X I‘k(z A k-m) z
1=1 lj=1 " \m=1 k=1 \m=1
n N
< - L aflogl-zz) — X wiglog(l -G G
Jir=1 Kk =1

Let r,p,0<r<1,1<p <0, be such that z;, j=1,---,n, lie in |z| <r and
lik=1,-,N,liein |{| > p, let E, be the image of | z| < r under f with boundary
I, and G, be the image of |{| > p under F with boundary A,, each boundary
being given the counterclockwise sense. Let w; =f(z;), j=1,---,n,@, = F({,),
k=1,---,N. The complement D,, of E, UG, has positive area in the metric

n N
aw—-w) '+ X mw-o)! | |dw|.
1 k=1

ji=

Thus

8

where dA,, denotes the element of Euclidean area in the w-plane. We transform
this into

n N
z aj(w—w,)—1+ z uk(w—wk)"llszw>0
j=1 k=1

j=
n N

~:d( L ajlogw—wy) + X plog(w— wk)) >0,
j=1 k=1

and moreover into

1

2i lz]=r

(£, 5 ot —sepy + £ mttontia)- Fcow)

n N
42 wlos(s) ~fz) + I mloalfa)-FC))
(2) n N
+ 5 | (E sosF@-1G)- + £ AdostF)) - FG)” )
l=p \j=1 =
n N
d( alogFQ -1 + I 1loa(FQ) ~ FG) >0

Now we have on |z| = r the Laurent expansion
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N
X ojlog(f(z) — f(z) + IE mlog(f(2) — F(Cy)

- B s (122) - £ wios(1-2) 2 win 1 0)

+ constant

%1 ( X A"z - E‘. l(z’) )+constant + Z ™ E Az

m,1=0 q=1 4 k=1 m,i=1

Also we have on |{| = p the Laurent expansion

n N
-Z=:1 a;log(F(0) — f(z))) + 'El Hlog(F(§) — F(Gy))

= 12:1 a;log (1 —@) +k§N1 wlog (M) + ZN wlog (1 - —C-)

F@©) (XY k=1 Gk
+ constant
. < < mey—1 X o my—1 — - _!'_ _C_ 1
“ I X e a2 ait - X 2(E))
+ constant.

Inserting these expansions in inequality (2), performing the indicated integrations
and dividing by = we obtain

) 3 7 > 3 2 -2l
3 1=t lj=1 j(m2=llm'2j)+ 2_“ ”"(22 Dmlic ) l
fi id1232—24+2—lz mle? lzzq
T g=1 4 lj=1

Letting r and p tend to 1 and performing an explicit reduction of the right-hand
side we have

0 0 N 0 2
m=1 lj=1 1=1 k=1 1=1
<] n o0 N 0 2
+ X 1| X Otj(z )’mlz?) + X ﬂk(z A k—m) l
1=1 li=1 m=1 k=1 m=1
n N
- X ;% log(l — z;2;)) — )y mlog(l — & 16&‘)-
Jr=1 kK =1

This is just the inequality (1).
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CoROLLARY 1. Using the terminology of Theorem 1, let in addition Z,,
p=1,---,t,t > 1, be points in I |<1 Ny 9=1,-,T, T>0, be points
in |L’| >1. Letﬁ,,,p—l -,1, be complex constants satisfying 2:,=1B,, =0,
vy 4 =1,--,T, be arbitrary complex constants. Then

( - i B,B,log(1 —Z,,Z,,,))-l

p,p' =1

Zn: Z': B,log MZL) + }: 2 Bpulog (1 _;"(Z,))
@) ji=1 p=1 p=1 k=1 ((99)
i ~15-1
+ (= I vadost = ng ))
L _ f(z) LA F(§) — F(ng)
jZ=1 q2=l a,-vqlog(l F('Iq)) + kz=l qz=l u,vqlog( ol — 'Iq) )
n N
- X a;d;log (1 —z;Z;) — 2 wdilog(l -7,
=1 Kk =1
Consider
;- - f(zj) "f(zp) ; " _ f(Zp) 2
I T apiost 0T T o 1 ) |

which can be written as the following expression and thus evidently satisfies the
inequality

t N 2
P anZpii+ Z T B T AZ |
j=1 p=1 ml=1 p=1 k=1 mx_
= - (‘m 1'” |z BPZP )
© N © )2
(E I, w(E awd) + E (E 2) [).
Similarly
oy _f@)) .y v F(&) — Fy)) |
El El ajvqlog(l F( .,)) +...k2=:1 q§l y,‘vqlog( c(lx—mnyp) )l
n T N T 2
=X X %Vq 2 )'mlzT"q- '+ X X HiVq 2 Al ™ '1.1
j=1q=1 ml= k=1 q=1 mil=1
> 2 2
s (2, 71Z, )

(Z P )~+k>)§1 e ( > d,,,,c,:"') |2)

m=1 m=1

e
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Combining these inequalities, using the evident reduction of the first term on the
right-hand side in each case and employing inequality (1) we obtain at once
inequality (4).

Inequality (4) can be reduced to various other forms, but we will confine our-
selves to considering the following special case.

COROLLARY 2. Let f(z) be regular and univalent for lzl <1 with f(0)=0.
Let F({) be univalent in |C| > 1 and regular apart from a simple pole at the
point at infinity where it has the Laurent expansion F(Q)=c{ + co + ¢,{™* 4 .
Let the images of |z| <1 by w=f(2) and of ICl >1 by w= F({) be nonover-
lapping. Then for |z|, |Z| <1, |§|, |n| > 1,a,u arbitrary complex numbers
we have

e fO2Z(G) — f(2) _j@)\ |

[~ log(t — |20 [alog™7vm =7y + Mlos (1 F(e;)) |
. 1(2) (F(0) = F(n) |

&) +[-—log(1—|,,| 2)] 1 IaIOg(l_ITVI))+ﬂIOgW

< — |af?log(t — |z[*) — | |*log(1 ~ | ¢]?).
This is obtained by setting in inequality (4),n=t=2, N=T=1,2z,=2Z,=0
and writing z,Z,{,n,a,u for z,,Z,,{{,ny,00, = — a3, iy
If in inequality (5) we take z = Z, { = n (using limiting values where appro-
priate) and apply Schwarz’s inequality, we obtain

240 ’
azlogf{T((g))—J;z(—z) + 2op log(l - %) + plloge™'F(0) l

< - |a|og(1 — | 2| — | u|10g(1 — |¢]2)
an inequality due to Alenitsyn [1].

CoROLLARY 3. Under the assumptions of Corollary 2

~ 285 < [10g(1 - |z Pyogtt — ]2

This is obtained by taking a = 1, u = 0 in inequality (5). It improves Alenitsyn’s
bound — 4[log(1 — |z |*) +log(1 — |n|™3)].

3. We denote by C the class of functions f(z) regular for |z| < 1 which satisfy
f(0)=0 and the condition f(z)f(z;) #1, |z,|<1,|z,] <1. We denote by
C* the subclass of C consisting of univalent functions.

(6) log (1

COROLLARY 4. Let f(z)€ C*. Let |z;| <1,j=1,-,n,|x] <1, k=1,-,N,
|Zp| <1, p=1,--,t, |Xq| <1, g=1,---,T. Let a;, j=1,---,n, be complex
constants satisfying Z,=1aj =0, B,, p=1,---,t,becomplex constants satisfying
2y=18,=0, m, k=1,--,N,v,, g=1,---, T, be arbitrary complex constants.
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Then

(- = pbiosi-2,2,)

p,p’' =1

n t

2T apoglBIEDy B 3 puton(1-52,n )|

i=1 p=1 p=1 k=1

T
+ (— z quq,log(l—X,,X‘,‘.))'1
q.9'=1
Q)]

.

.

ﬁ > v log (f (X o(fxi) — (X q))) 1 2

n T
L I aplog =GN+, Fef XY G = X

Jj=1 gq=1

1 g=1
n N
- E Otlét-lflog(l - Zj Z-j') - Z . ﬂkﬁk/log(l - xk.ik').

J.j'=1 k,k’=
This is obtained by setting F() = (f((” )™, ™' =x,#~! = X in Corollary 1.

COROLLARY 5. Let f(z)e C*, let |z|, |Z|, |x|, |X| <1, let a,u be arbitrary
complex constants. Then

IIA

2

[~ tog(t ~| 2] |atogl EZSD=TED. 4 yi0g(1 — 2y

@G-
; [ OXX(fx) = (X))
®  +[—log(t = | X[)]* |alog(L ~f@S(0) + o' BB LS

< — |aflog(t = |z]*) = | u|*log( — | x|?).
This is obtained by setting F({) = (f({” )™, ™' =x, n~! = X in Corollary 2.
COROLLARY 6. Let f(z)e C*, let |z|, |Z| < 1. Then
&) [log(1 — f(2)f(2))| < [log(1 — | z|)log(1 — | Z|)]"),
1'0)zZ(f(2) — f(Z)) _
|loe =7y tlosll =122 |
< [log(1 — [z[)og(1 — | Z|]*"2.

These results are obtained by setting X = Z, x =z in (8) and for (9) setting
a=0, u=1, for (10) setting respectively a =pu=1 and a= —u=1. They
generalize results of Alenitsyn.

We denote by K the class of functions f(z) regular for |z| <1 and such that
f0)=0, f(z1)f(z;) # — 1, | 24|, | 22| < 1. We denote by K* the subclass of K
consisting of univalent functions.

(10)

COROLLARY 7. Let f(z)eK*. Let |z;| <1, j=1,-,n, |x|<1,k=1,--,N,
Z,i<l,p=1,---,t, |X,|<1, g=1,---,T. Let a;, j=1,--,n, be complex
14 q J
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constants satisfying Zj’;locj =0, B,, p=1,---,t, be complex constants satisfying
E;= Bp=0, w, k=1,---,N,v,,q=1,---, T, be arbitrary complex constants. Then

( _,,,ptz,:ﬂ BBy log(1 -Zpr,))-1

2 L aplog L2SE L 5T pulont +1@)f0]|

i=1 p=1 T “p p=1 k=1

T - n T
+ ( % g, log(t -x,,x,,,))-l Z X apos(14/(z)/X)

q’'=1

(1n

M=z =

+
k

) f (o)jk q(f (xk) f (Xq) 2
z "“”"“g( 700 A XD G — X )l

1 ¢g=1

- Z aJ&J»log(l i ZJZJ) - Z ﬂkﬁk'log(l - xk)?k').
7,j'=1 k.k'=1 .

This is obtained by setting F(Q)= — (f(~")"%, ™ '=x, 1~ '=Xin Corollary 1.

COROLLARY 8. Let f(z)e K*, let|z|, IZI, le, |X| <1, let a, u be arbitrary
complex constants. Then

lIA

’ 2
[~ tog(l — | 2] | atogl DD =SD) iog(s + sy |

f@f(2)(z - 2)
+ [—log - | X|»]7? lalog(l +1()f(X)) + plog %’;ﬁ (é()x()x—_ (X))

(12)
< — |afflog(l — |z|?) — | n[log(1 — |x]?).
This is obtained by setting F({) = — (/(Z"*))",C "*=x, 7~!=Xin Corollary2.
COROLLARY 9. Let f(z)e K*, let |z|,|Z| < 1. Then
13 [log(1 + £(2) f(2))] < [log(1 — | z|*)log(1 — | Z|}] '

1 (O)2Z(f(z) - £(2)) )
s i@z s+ 11@) |

< [log(1 — | z|Hlog(1 —| Z|H]"2.

These results are obtained by setting X = Z, x = z in (12) and for (13) setting
a=1, p=0, for (14) setting respectively a=p=1, a = —pu=1.

CoroLLARY 10. Let f(z) € K. Then, for |z| <1,
o] 5 [zl = |2y,
This result is obtained for f(z) e K* by setting z = Z in (13) to get
log(1 +|f(2)|*) £ —log(t - |z|*)

(14)
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and reducing by elementary means. For f(z) € K the result follows by the principle
of subordination. Earlier proofs of this result use quite different techniques [9], [13].

It should be remarked that Lebedev [12] has also applied the Area Principle
to the families C, C¥, K, K*. His method is slightly different technically. Reduced
to the present context it would give an inequality corresponding to (4) but with
the assumption n=¢t= N+ 1 =T+ 1. His problems for the above classes are
not those treated here.

4. It is possible also to treat questions of the same general form as those in
Theorem 1 by the traditional techniques of the method of the extremal metric.
One is naturally led to a different form of inequality. Of particular interest is the
fact that it is not necessary to require univalence of the functions involved.

THEOREM 2. Let f(z) be meromorphic in |z| < 1. Let F({) be meromorphic
in |{|> 1. Let the images of |z| <1 by w=f(2) and of |{|>1 by w=F(0)
be nonoverlapping (as point sets). Let zy,---,z, be (distinct) points in |z| <1,
and (y,:-,{y be (distinct) finite points in |C|>1. Let aj, j=1,---,n, By,
k=1,.--,N, be positive constants such that Z}'=1aj = 2XN_.Bi. Denote
P(u,v) = (u — v)(1 — 5u)" L. Then

n 2 N 2
IT 1711 |Feol T1 |f@z) = f(z)|*™
j=1 k=1 Jj#

Lt

n N
[T [F@)—Fe[*~ I1 I1 fGz)—FCo| 7%

(15) k#m:k,m j=1 k=
< I1 [PGpa)|™  T1 |PGu T =]z
JEL k#m;k,m i=1

N 2
I a-lup™s
k=1 .
This formula applies to the case where none of f(z;), j=1,---,n, {, F(y),
k=1,---,N, is the point at infinity. In case one or more of these exclusions
fails, an appropriately modified formula replaces (15).

In |z| =< 1 we regard the function

U(z) = log( []l | P(z,z)|" )

which is equal to zero on |z| =1, negative in |z| <1 and with negative loga-
rithmic poles at the points z;, j = 1,---,n. The level set U, consisting of points
where U(z) = — t (¢ > 0), if we exclude a finite number of values of ¢ correspond-
ing to critical points, consists of a finite number of Jordan curves which, together
with Iz] =1, bound a multiply-connected domain D, containing none of z;,
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j=1,-,n. Let T denote the family of sets of Jordan curves which have this pro-
perty and I its subfamily for which the curves lie in D,. Let the module of D, for
the family of curve sets I', be denoted by M,. It is well known that, taken in L-
normalization [9, p. 14], the function (2n X_,a;)”* | grad U(z)| is extremal for
this module problem and that

Ml = (27[ 2 aj)_lt.

ji=1
In |{| 21 we regard the function

N
V() =log( [T |PE Ll
k=1

which is equal to zero on || = 1, positive in | {| > 1 and with positive logarithmic
poles at the points {,, k =1,:--,N. The level set V; consisting of points where
V() =s (s > 0), if we exclude a finite number of values of s corresponding to
critical points, consists of a finite number of Jordan curves which, together with
IC | =1, bound (on the {-sphere) a multiply-connected domain A, containing
none of {,, k=1,:--,N. Let A denote the family of sets of Jordan curves which
have this property and A, its subfamily for which the curves lie in A,. Let the
module of A, for the family of curve sets A, be denoted by N,.Asabove, taken in
L-normalization, the function (2 X} ,8) *|grad V()| is extremal for this
module problem and

N, = (Zn kglﬁk )-ls.

For convenience let us write w; =f(z,), j=1,---,n, o, = F(), k=1,---,N.
We now consider the function

n N
W(w)=log(H |w—w;|* T1 |w—a)kl"”").
Jj=1 k=1

This function has negative logarithmic poles at w;, j = 1,---,n, and positive log-
arithmic poles at wy, k=1, ---, N, is harmonic elsewhere on the w-sphere because
of the condition Z}' =10 = 2N _.B.. The orthogonal trajectories of its level
curves which have a limiting end point at w;, j = 1,---,n, tend in the other sense
to one of the w,, k =1,---, N, apart from possibly a finite number which tend to
critical points of W(w). An analogous remark applies to those orthogonal tra-
jectories which have a limiting end point at w,, k =1,---,N.

We may assume that f'(z;), j=1,---,n, F'({;), k=1,---,N, are all nonzero
since otherwise our inequality (15) is trivially satisfied. Likewise we may assume
that w; # w,, j # 1, o, # 0, k# m. Now we take ¢ sufficiently large that U,
consists of n Jordan curves y(f), j = 1, -+, n, respectively enclosing z;, j =1,---,n,
that f(y/®), j=1,---,n, is a Jordan curve bounding a domain starlike with
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respect to w; for the orthogonal trajectories of the level curves of W and that for
any value — t of W(w) on U 7=1f(y,(®) the corresponding level set, W(w) = — 1,
consists of n Jordan curves yj(t), j = 1,---,n, respectively enclosing wj,j=1,---,n.
Further we take s sufficiently large that ¥V, consists of N Jordan curves 4,(s)
k=1,,.-,N, respectively enclosing {;, k = 1,---, N, that F(4,(s)), k=1,---,N, isa
Jordan curve bounding a domain starlike with respect to w, for the orthogonal
trajectories of the level curves of Wand that for any value ¢ of W(w) on U,f’= 1F(A(5)
the corresponding level set, W(w)= o, consists of N Jordan curves A,(0),
k=1,---,N, respectively enclosing w;, k=1,---,N.

The image of |z| <1 under w = f(z) is now regarded as a Riemann domain
which we denote by R. The image f(y,(1)), j = 1,---,n, lies in a simple sheet of R
containing the image of z;. Through each point of f(y,(t)) we draw a covering of
the orthogonal trajectory to the level curves of W(w) through its projection.
This is continued on R in the sense away from w; as far as possible without the
orthogonal trajectory meeting a critical point of W (which can happen at most a
finite number of times) and without the covering meeting a branch point of R
(the latter occurs in at most countably many cases). These curves sweep out a
subset X; of R which lies smoothly above the w-plane. At all points of X; we can
use w as a local uniformizing parameter on R and denote by g(w) | dw| the metric
obtained by projecting (2n 2;= laj)'l |grad WI |dw| up into R. We can carry
this metric back from (J}'-,%; to its inverse image in | z| < 1 by the relation

p'(2) = g(f(2) | (D).

The metric p(z) |dz| obtained by setting
p(z) = p’(z) where latter is defined,

p(2)=0 elsewhere in D,

is seen at once to be admissible in the module problem defining M,.

By an exactly parallel construction on the Riemann domain & which is the
image of |{| > 1 under the mapping w = F({) we obtain smooth covering subsets
ZEw k=1,-- N, of S corresponding to a suitably chosen value s and a metric
a(0) |d§ | admissible in the module problem defining N,.

Let

t;=—min W on f(yA1)), j=1,,n,
and
o, =max W on F(4(s)), k=1,-,N.

The projections into the w-sphere of X;, j=1,--,n, and E,, k=1,---,N, are all
disjoint and their union
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n N
U Z; v U B
i=1 k=1

is contained in the domain & bounded by the Jordan curves yj(t), j=1,--,n,
and A(oy), k=1,---,N,
We readily deduce

N
;= t— “ilOglfl(zf)l - log( |wj - wllmkl;[1 | Wi~ wkl_h )

(16) 1#j
+ log[(l -Iz,|2)'°’f H |P(z,,z,)|°”] +o(1)
1#j
and
(A7) op=s—Blog|F'(y)| —log( 1 oe—w;|™ 1 Iwk—wml""‘)
ji=1 m#k

+ Tog[( = |Gy IL |PGutPn] + oo
Further we see at once that in the metric |grad W| |dwlthe domain ® has area

n N
2t X o;T; + 2m Y Buo
i=1 k=1
On the other hand (2r X} ;a;)”2 times this quantity is an upper bound for
M, + N,. Employing the expressions (16) and (17) we thus have

1z a,)'2 (E o )t — X oflog|f'(z))|

2n ji=1 i=1

j=1

N
i ocjlog(]_[ lwl-—w,|“’l_[ |w,—w,‘|""‘)
=1 1#j k=1

+
].bﬂa S

ajlog [(1 - IZ,-IZ)-” zl;[ P(zj,zl)a']

N N
+ ( )3 ﬁk)s— > Blog F'(EY)|
k=1

=1

k

n

. locmml™ I1 lon-on-)
m#k

1

(%
]

+

T piog [t = |G I PGt | +o0)

#k
> (21: jZ::l oc,)'lt + (21: ké ﬂk)'Is.

Recalling that X7 a;= X} B, we can cancel the terms in ¢ and s and then
take the limit as these quantities tend to infinity. We obtain
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n n N
— X oflogf'(z)| - X ajlog(l_[ |w; —wi|" TI |Wj"wh|_ﬂ")
ji=1 ji=1 1#j k=1

n

+ X ajlog I.(l - !zj|2)_“-’ zI;[' P(zjazl)al_l

i=1

n

N N
~ T BlogF'¢)| - £ ﬁklog( 1 |oc—w]™ II |wk—wm|”m)
k=1 k=1 m#k

i=1

N
+ 3 plog [(1—|c,.|2)‘”* I IP(ck,cm)l"m] > o.
k=1 m#*k

Exponentiating, we obtain the inequality (15).

Theorem 2 has variants obtained by allowing some f(z;),j = 1,---n, {, F({y),
k=1,---,N, to be the point at infinity. Instead of stating these in the general case
we confine ourselves to the following situation.

THEOREM 2’. Let f(z) be regular in |z| < 1 and satisfy f(0) = 0. Let F({) be
meromorphic in ICI > 1 and have Laurent expansion about the point at infinity

FQ =cl+co+el™ + .

Let the images of |z| <1 by w=f(2) and of ICI >1 by w= F({) be nonover-
lapping. Let a4, o, B, B, be positive constants such that a; + ay =, + f,. Then
for |z| <1, |C| >1,

|7°©@ 4@ 2| F'© P | # £ @) 2| FQ) | 2*#2| f(2) — F(Q)| 72
(18)

< |z|2a1az|Cl-2ﬂxﬂz(1 _ IZIZ)-dﬁ(Iglz _ 1)—ﬂ§.

This result is obtained from (15) by a limiting process or can be obtained by
direct application of the method of proof of Theorem 2 in this situation. It gene-
ralizes a result of Alenitsyn [1] who required that f and F be univalent and that
ag=a,=p=p=1

It seems worthwhile to emphasize again the essential role played in the proof of
Theorem 2 by the structure of the orthogonal trajectories of the level curves of
W(w), especially since Pfluger and Hersch [4] seem to have missed this point in
the paper where these methods were used for the first time [5]. Rather than
entailing ‘‘restrictive hypotheses,’’ it is the structure of such curves which enables
one to relate the module of a family of image curves to the module of a curve
family with similar topological situation.

5. COROLLARY 11. Let f(z)eC. Let a;, j =1,--,n, By, k =1,---,N be positive
constants such that E}__.locj= N B Let zj, j=1,-,n, Z,, k=1,---,N, be
points in |z| < 1. Then
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n N ,
l;Il |f,(zi) |¢jkl:[1 |f'(Zk)|Bk ![ |f(zj) —f(z,)|2‘f“'

14,1

ORI IR TCARTCATLE i i I ERCVCAT

k#m;k,

n N
< I PGz [T |P@uZ)® 1 A=z ]I A—|z,» *
J#Lj,1 k#m:k,m ji=1 k=1

This is obtained by setting in (15), FQ)=(f¢"")" Y, =27, k=1,---,N.
This presumes a priori that Z,, f(Z,), k=1,---,N is not zero. However this
condition can evidently be dropped.

COROLLARY 12. Let f(z)e C. Letay, oy, By, B, be positive constants such that
oy +a, =P, +B,. Let |z| <1, |Z| <1. Then
If,(o) | af+ﬂflfr(z) Iazzlf/(z) lﬁglf(z)|2nazIf(Z)IZﬂxﬂzl 1 _f(z)F(Z)l—Zazﬂz
< |z|2¢|az|Zl2ﬂ1ﬂz(1 _ |Z|2)—a§(1 _ |Z|2) _ﬂg'

This is obtained by setting in (18), F(Q) =(f({""))™*, {=Z"'.Thispresumes a
priori that Z # 0 but this condition is evidently superfluous. It generalizes a result
of Alenitsyn [1] to which it reduces by taking o, =a, =8, =8, =2""2z=12,

COROLLARY 13. Let f(z)€C. Let |z|<1, |Z| <1. Then
lF@r@||1-ff@| 2 sa-|zPH'a-|zPH

This is obtained by setting in (19), a, = f, = 1. It generalizes a result of Gelfer
[2] to which it reduces by taking Z =z and one of Alenitsyn [1] to which it
reduces by taking Z =0.

(20)

COROLLARY 14. Let f(z)eK. Leta;,j=1,---,n, By, k=1,---,N, be positive
real constants such that Zj’;lacj =X B Letz;,j=1,--,n, Z, k=1,--,N,
be points in |z| <1. Then

n 2 N 2
[1IFEIL @ 11 |fe—-f@*™ 11 |f(Zo-fz)|**
j=1 k=1 J#£Lj,0 k#m:k,m
n N
gINIRIEF OV CAT

n N

< I1 [P 1 |P@Za" [T (=[] (@ -]z

j#ELj k#m:k,m ji=1 k=1

This is obtained by setting in (15), F(Q) = — (/") L &' =2, k=1,---,N.

This presupposes a priori that Z,, f(Z,), k=1,---,N, is not zero. This condition
is evidently superfluous.
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CorOLLARY 15. Let f(z)e K. Let a4, &5, B1, B, be positive constants such that
% + oy =By + B,. Let |z| <1, |Z| < 1. Then

|f,(0) I¢§+ﬂ%lf’(z) I"%If’(Z)Iﬁ%If(Z)|2a1az|f(z)|2ﬂxﬁzl 1+ f(z)f(z)l—2a2p2
(22)
< |z PP - |2 e - | z])

This is obtained by setting in (18), F()= — (f(C~*)™*, z=C"1.

There are of course many other special cases of the preceding results which
have considerable interest. Also they can be combined with the earlier results in
various manners.

6. We will now give an application of the General Coefficient Theorem to the
class K*, choosing the particular problem of maximizing |A2| in the expansion

f@) =4,z + A,2% + -

when |A1| is given. We begin with the construction of the functions which play
the extremal role. Let A(f), t = 0, denote the domain in the {-plane ({ = & + in)
bounded by the half-lines

n=t {=-1,
=-1,n=t,
n=-—t £21,
E=1, n=-—t

We denote the points — 1 + it, 1 — it by B, D and the boundary points of A(¢) at
infinity by A4, C so that 4, B, C, D lie on the boundary of A(f) in natural cyclic
order. We map A(?) conformally onto the left-hand half-plane Rw < 0 so that 4
corresponds to w =0, D to w = co0. Since the mapping { - — { of A(f) onto itself
corresponds to a linear transformation of the half-plane onto itself interchanging
the origin and the point at infinity we may further normalize the mapping so that
{ =0 corresponds to w= — 1. Then B and D correspond respectively to points
ia,—i/a for a>0.

If we extend { as a (non-single-valued) function of w to the whole w-plane by
reflection in various segments of the imaginary axis we see that d¢? is a quadratic
differential on the w-sphere with triple poles at 0,00 and simple zeros at
ia, —ia~'. Thus we can write

) s =1
dcz — ql (W la)(‘;’ +1ia ) dwz
w
for a suitable positive constant g.
Let us map the semicircle |z| <1, Rz <0 onto the portion of A(?) in the
upper half-plane so that the origin corresponds to A, the point z=ito {= —1
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and the point z = — i to { = 1. Combining this with the above mapping into the
w-plane and extending by reflection across the segment joining i and — i in the
z-plane and its corresponding segment in the w-plane we obtain a function regular
and univalent for |z| <1 which we denote by f(z,). We denote the image of
| z | < 1 under the mapping w = f(z,t) by D(t). The latter is bounded by a trajectory
of d¢* for t >0 and by two trajectories of d{?> having common end points at
ia, —ia” ' for t=0. Clearly f'(0,) > 0.

Let a* be the value of a for t = 0. Let D( — s) be the subdomain of D(0) obtained
by slitting it along the segment Rw =0, s < Jw < a*, where 0 <s < a*. Let
f(z,—s) be the function mapping |z| <1 conformally onto D(—s) so that
f(0,—5)=0, f'(0,—s)>0.

In this way f(z,t) is defined for t > — a* so as to depend continuously on the
parameter ¢ in the evident manner. Let it have expansion about the origin

f(z,0) =2z + ik(H)z* + ---.
We see that A(f) > 0 and «(t) is real. They are continuous functions of ¢.

LemMMA 1. Let f(z)e K* with f'(0)=4, A>0, and let f(z,t) be such that
A(t) = A. Let f(z) have expansion about the origin

f(@) =2z + A,z2% + -,
Then | A,| < x(t) with A, = ix(t)e™™ occurring only for f(2) = *f(e™"z,1), O real.

Let @ (w,2,0) be the function inverse to the function ef(e"*z,t) which we
denote by f(z,1,0). It is defined in the domain ¢D() which we denote by D(t, ).
Let ¥(w, t,0) be the function inverse to the function — (f(Z ~%¢,0))™!. It is defined
in the domain D’(t,0) obtained from D(t,0) by the transformation w— — w™ 1,

We apply the General Coefficient Theorem [9] with R the w-sphere,

. _ie(w—ie%a)(w + iea” 1)

O(w)dw? = ie e aw?, t>0,

_(w—id%a®)(w + ie(a*)"?!
— e i ( )(w3 (a*) )dwz, <0,

the admissible family of domains consisting of {D(t,6), D’'(t,6)}. The admissible
family of functions consists of {f(®(w,t,6)), — (f((¥(w,t,6) 1) *}.

The quadratic differential has poles Py, P, of third order respectively at the
origin and the point at infinity. The corresponding coefficients are

oD =ie® af = (ie™"k(t) — 4)A72,
@ =ie7™, af? = (ie"k(t) + A)A"2

The General Coefficient Theorem then gives
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R{ie(ie™ k() — A)A2 + ie™ (A, + ie(1)A2} £ 0

or

R{ — ie®A4, + ie”"4,} < 2x(D)
or
(23) R{ — ie“4,} < x(2).

Suitable choice of 6 gives
| 42| < x().

The equality statement follows from equality condition (i) in the General Coef-
ficient Theorem [9].

It is evident that the functions f(z, t) are all distinct. Since they all belong to K*
it follows from Lemma 1 that A(f) is a monotone function of ¢. As ¢t approaches
— a* clearly A(?) tends to zero. Thus A(¢) increases monotonically with ¢. Since K*
is a normal family, from any sequence {f(z,¢,)};" with lim,. ¢, =0 we can ex-
tract a convergent subsequence. As t — oo, D(f) converges to the strip—1 <J( < 1,
so the corresponding mapping will converge to w = — exp(3ni{). The same is
true for the mapping corresponding to the z-plane. Thus the limiting function of
the above subsequence must be z. In particular as ¢ tends to infinity A(f) tends to 1.

Given 4, 0 < A < 1, there is a unique function f(z,?), t > — a* with f'(0,7) = 4.
We denote this function by E(z, 1) and its expansion about the origin by

E(z,A) = Az + iv(A)z® + ---.

We include the case A =1 by setting E(z,1) = z. The result of Lemma 1 may be
rephrased as

THEOREM 3. Let 0 <A =1 and let f(z) € K* with expansion about the origin
f(2) = Az + A,2% + .
Then |A2| < v(A) with A, = ie”®w(1) occurring only for f(z) = €®E(e”"z,),0
real.
The case A =1 is trivial.

7. We can apply the General Coefficient Theorem also to the class C* but in
this case the admissible family of functions would have to be {f(®(w,t,0)),
(f( = (¥(w,1,6))" "))~ '} and the preceding argument would lead to the inequality

R{—icos0A4,} < (1)

instead of (23) and thus would not provide a bound for |A 2 I However by utilizing
our previous results on the bound for | f re‘”)l when |A1| is given we are able to
prove that |A2| < v(4) for |A1| =/ in this case also. We will carry over the not-
ations of the paper [6] without necessarily repeating the definitions. We consider
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the function — F( — z; r, 1) in order to correspond to our present normalization.
This function satisfies the differential equation

w+ihw—il™h dw)z__ z+ip)(z+ip™h)
w2(w + im)(w — im'l)(ﬂ— T z22(z+ir)(z +ir-?)

in which O<r<1,r=p= —1, m>0 where — im is the image of — ir under
the mapping w = — F( — z; r,A) and where — il is either the image of — ip under
this mapping (when p > — 1) or lies in the boundary of the image of lzl <1
(when p = —1). We know that if f(z) e C* with |f'(0)| =4 then |f(ré®)| < m.
Moreover as p varies from r to — 1 the corresponding A decreases monotonically.
In particular when p=0 we get the overall maximum of |f(re®)| the corres-
ponding function F(z;r,4) being (1 —r*)"?z(1 +irz)™* where A=(1—r?)?
Thus for given 4, 0 <4 < 1, by choosing r small enough we may assume that
— 1< p<0. Then the corresponding value [/ is less than zero. Now from the
functions — F(— z; r,A) as r approaches zero we can extract a convergent subse-
quence and the limit function is evidently in C* with derivative 4 at z = 0. By
choosing a subsubsequence if necessary we may assume that the associated values I
also converge to a value I* a priori possibly 0 or — co. The latter are excluded if
the corresponding values of p are — 1. If the corresponding values of p are > — 1
they must also converge and [* cannot be — co . It can be zero only if the limit for p
is zero. Otherwise we may denote either — 1 or this limiting value by p*.

Recalling that the coefficients in the explansion about the origin of a function
in C are uniformly bounded by 1 in absolute value [11] we have

|m—ar| < r*1-n"1
Thus as r—» 0 we have m/r— A. If we had 1 -0 we would have also I/p— A.
Thus the limiting function, denoted by h(z), satisfies the differential equation
; i (w - i~ (ﬂ)z I CR)IChs i(p*)™")

w3 dz z3

1 (dw\® _ 1
T W (_d_z—) T2
if I* = 0. In the latter case the limiting function would have to be Az. However
+1 are on the boundary of the image of |z| <1 under the mapping
w= — F(— z;r,A) and it follows by domain convergence that 4+ 1 must be on
the boundary of the image of | z| < 1 under the mapping w = h(z). This would be
impossible if I* = 0. Hence I* # 0 and w = h(z) maps |z| <1 onto an admissible
domain with respect to the quadratic differential

YT
; (w+il )a(w i/l*) dw?.
w

if I* # 0 or
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Once again + 1 are boundary points of the image and thus h(z) is exactly that
function f(z,t) introduced in §6 for which f'(0,¢) = 4.
Now suppose there were a function f(z)e C* with expansion

f(2)=Az + A2* + -
and |A,| > v(4). Then for suitable real 0

lf(re"’)l =Ar+ |A2|r2 -r’1-n-4
while
| F(ir; r, )| £ Ar + (W(2) + o()r? + 131 = 7).

By choosing r sufficiently small we obtain an evident contradiction. Thus we
may state

THEOREM 4. Let 0 <A <1 and let f(z) e C* with expansion about the origin
f(@) =2z + Az% + --.
Then |A;| £ v(d).

The case A = 1 is trivial. A proof of this kind does not normally give an equality
statement.

8. There have been several approaches to defining families of functions in
analogy to the Bieberbach-Eilenberg functions. Of course there is Shah’s defi-
nition, indicated above. Further Goodman [3], concentrating on the fact that the
ransformations w —» w,w - w ~? form a group of linear transformations on the
w-sphere, considered families of functions conditioned by their behaviour relative
to more general groups of linear transformations. Other extensions in similar
directions could also be made. However it appears that perhaps the most evident
extension has not been considered. Indeed, given any closed set S of points in the
sphere not containing the origin or the point at infinity, we can consider the
family which we may denote by C{S} consisting of functions f(z) regular for
|z] <1, with £(0) = 0, which satisfy the condition

(249 fz)f(z2) ¢S, |Z1|<1, |7-2| <l
Similarly we can define the family K{S} for which the condition (24) is replaced by
(25) fz)f(z2) ¢S, |Z1|<1, |Zzl<1-

Any such family is normal and thus it is significant to study the standard extremal
problems for them. We denote the corresponding families of univalent functions
by C*{S}, K*{S} respectively.

The simplest case would be where S consists of a single point, say a. We will
use for the corresponding families the simplified notations C{a}, K{a}. The
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family C{a} differs from C only by a nonessential normalization. Indeed if
f(2) e C{a} the function a~'/3f(z) € C (for either choice of root). However the
families K{a} display interesting new phenomena. Once again by normalization
it is sufficient to confine our attention to the families K{e*’}, 6 real. K{— 1}
is the family K. K{1} is the family of bounded functions, i.e. those with [ f (z)I <1
for |z| < 1. Thus the results of §2 and §4 can be applied to obtain numerous

results for such functions. The condition that fe K {e"’} can be expressed by saying
that the images of | z| < 1 by f and e/~ do not overlap. Every extremal function
we have met for K has the property that the closures of the appropriate non-
overlapping images fill the whole sphere. An analogous situation obtains for C.

In the general situation, however, something quite new occurs.

THEOREM 5. Let fe K{e"®} where 0/n is irrational. Then the closures of the
images of|z| <1byfand e®f~! fill the whole sphere only if If(z)l <1 for
lzl <1. '

We note first of all that if fe K{e"}, also f € K{e™*}. Now suppose that the
closures of the images of |z| <1 by f and ¢*/™ " fill the whole sphere while, for
Izl < 1, f(z) assumes a value ¢ with |c| > 1. Then e /! takes for ]z] <1 all
values in a neighborhood of e®%¢~* and f omits these values. This means that
¢f~! must omit all values in a neighborhood of e* thus f must take this value.
Then f would take for |z| <1 all values ¢, n integral. Reduced modulo 2r
the values 2n6 lie dense on the interval [0, 2x) thus f would take values dense on
the circle of radius |c] > 1. This would contradict the assertion that
e’f~! assumes a value of modulus less than 1.

It is clear that certain simple extremal problem will have as solutions functions
f not satisfying the condition l f(z)| <1 for |z] < 1. Then for these functions
there are points exterior to both the images of [z| <1 by f and ef~*. We
will not pursue this matter further here.

In case 0/ = is rational we have a situation much closer to that for K. In par-

ticular we have the following result.

THEOREM 6. If f € K{i} then it is subordinate to an odd function in K*{i}.
The 0dd functions in K*{i} coincide with the set of functions (g(z?))'/* where
ge K*,

Let D be the union of the images of | z| < 1 by fand — f. Since K{i} = K{ — i},
D has no point in common with the image of |z| <1 by if ' or —if " *.Let A
be the complement of that component of the complement of D which contains
the point at infinity. Itis evidently symmetric in the origin and does not meet its
image under the transformation w — 1%~ *. Thus a function F(z) mapping |z| <1
conformally onto A with F(0) =0 is an odd function in K*{i}. Clearly f(z) is
subordinate to F(z). The last statement of the theorem is explicitly verified at once.
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COROLLARY 16. Let f € K{i}. Then for 0 real, 0 <r <1,
|F(re®)| < (1 — 714,
Equality occurs only for the functions (1 — r*)"/*z(1 —r?e”2%22)" 112 ¢ real.

This follows from Theorem 6, Corollary 10 and the equality statement for the
latter (see [9, Theorem 7.2]).

9. In the paper [6] it was stated that the precise bound for l f(re“’)|, feC,
0<r<1, 0 real, |[f'(0)|=c, 0 <c< 1, follows from the corresponding bound
for f € C* by ‘‘subordination.’’ It is easily seen that this statement is unjustified as
was pointed out by Hayman in his review of that paper (Math.Reviews 16 (1955),
25) although to this day I have not seen what the example he gives is supposed to
prove. The reason that the subordination argument fails is because, although f is
subordinate to an F e C* we will in general have | F'(0)| > c. Oddly enough this
very point was treated meticulously in the paper [ 7] which followed shortly after.

However a considerable part of the above statement is actually true. To see this
one must study the behaviour of the quantity IF(ir; r,c) for fixedrand0 < ¢ 1.
We know that, as a function of ¢, this is continuous, tends to zero as ¢ >0+,
takes the value r when c¢=1 and is maximal for c¢= (1 —r*)'% Now we
can see that actually it increases monotonically as ¢ goes from 0+to (1 — r*)*/2 and
decreases monotonically as ¢ goes from (1 — r%)'/? to 1.

LeMMA 2. For fixed r,0<c <1, JF(ir;r,c) increases (strictly) monoto-
nically from 0 to r(1 — r*)™%/2 as ¢ increases from 0 + to (1 — r*)*/? and decreases
(strictly) monotonically from r(1 —r*)™*/? to r as c increases from (1 — r*)'/
to 1.

This follows by the same arguments used to prove the extremal proporties in [6]
and indeed without the application of any symmetrization.

TaeoreM 7. Let f(z)eC, 0<r<1, |f'0)|=c, 1 —r’)""*<c<1. Then
for 0 real
|f(re®)| < JF(ir; 7 0).
Equality can occur only for the (univalent) functions + F(ie™™ z;r,c).

Indeed f(z) is subordinate to a function F(z) e C* with |F ’(0)| =c¢’ = c. Now
max |f(z)| £ max|F(z)| £ IF(ir; r,c’) £ IF(ir; r,c)
zsr zsr

by [6, Theorem 3] and Lemma 2. The equality statement follows by a consideration
of when equality can occur in the above chain of inequalities together with an
application of the uniqueness result for symmetrization [8]. The latter result
was of course obtained after the appearance of [6].

Naturally the parallel result applies to the family K.
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THeOREM 8. Let f(z)eK, 0<r<1, |f'(0)|=c, (1 = #)*< ¢ £ 1. Then for
0 real

!f(re“’)l < JF(ir;r, o).
Equality can occur only for the (univalent) functions €*F(ie ™ "z; r,c), ¢ real.

This is obtained by proving a parallel to [6, Theorem 3] for f univalent (which
does not need a symmetrization argument) and then using the same proof as for
Theorem 7. Alternatively the proof can be given directly without a subordination
argument by using the method of simple coverings as in §4.
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