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1. In the earlier papers with this title [6], [7] we treated a number of extremal

problems for the class of Bieberbach-Eilenberg functions, some of the results

applying only when the functions were further required to be univalent. The

method used was primarily that of considering appropriate module problems and

applying circular symmetrization. In the present work we will first apply the

generalized Area Principle to obtain various results for univalent Bieberbach-

Eilenberg functions. Secondly we will give an application of a somewhat different

type of module problem which does not require the assumption of univalence.

Similar applications are made in each case to a family of functions introduced by

Shah [13]. The latter functions admit direct application of the General Coef-

ficient Theorem, and we give an example of one such. It is then shown how a

corresponding result can be obtained for Bieberbach-Eilenberg functions. Next

we discuss ways in which the definition of both families can be generalized. Finally

we remark on the manner in which the requirement of univalence can be removed

for an earlier result.

2. We begin with the proof of the following basic result.

Theorem 1. Letf(z) be regular and univalent in |z| < 1. Let F(Q be univa-

lent in |C| > 1 and regular apart from a simple pole at the point at infinity

where it has the Laurent expansion F(Ç) = et, + c0 + cxÇ, -1+ •••. Let the images

o/|z|<l by w=f(z) and o/|Ç|>l by w = F(Ç).be nonoverlapping. Let

appropriate branches of the following functions have the expansions indicated,

where\z\,\Z\<l,\i\,\n\>l:

,f(z)-f(Z)        £ ,
log —-—^-=    L     AmXz Z,

Z — Í. m,l=0

Let Zj,j = 1, •••,/!, n > 1, be points in |z| < 1, £*» fc= 1,---,N,N >0, be points

in |C|>1- Let <Xj, j = l,--,n, be complex constants satisfying Z" = ia, = 0,

pk, k = l,---,N, be arbitrary complex constants. Then

Received by the editors June 1, 1964.

195



196

(1)

J. A. JENKINS [August

00 B/00 V ff »   CO \

2   m   2   a,   2 Amlz))+ 2   pk(Y   Am,C,-'

oo n/oo \N/oo \

+ 2 / 2 a,  2 x„azjn)+ 2 aJI «*"m
i = l j = l \m = l / fc=l \m = l /

g   -     2     a^logíl. - z,z» -    2     ptprlog(l-£,/£,/).
JJ'-l

N

2
fc.fc' =1

Let r,p,0 < r < 1,1 < p < oo, be such that z_,-, y = 1,•■-,n, lie in |z| < *• and

Ct, k = 1, • • •, N, lie in | Ç | > p, let £r be the image of | z | < r under / with boundary

Tr and Gp be the image of |Ç| > p under F with boundary Ap, each boundary

being given the counterclockwise sense. Let Wj=fizf), j = 1, ■•-,n,cok = F{Çk),

k = l,---,N. The complement Drp of £r UGp has positive area in the metric

2   tXjiw-Wj) 1+ 2   Ptiw-fflfc) 1    \dw\.
'j = l k = 1

Thus

2     CCjiw-Wj)'1 +   2     p^W-COfc)"1
JJd.      j = i it = i

!<L4„,>0

where d.4w denotes the element of Euclidean area in the w-plane. We transform

this into

¿f-J   + J    J  (?   ä/log(w-wy))"   +^2   pt(log(w - cu,))-j

■idl 2   a,log(w - Wj) +  2   ptlog(w -cok)\> 0,
V? = i * = i /

and moreover into

--4    Í ft   ä, (log(/(z)-/(z,)))- 4- 2   p,(log(/(z) -TO)")

•d(t   a,log(/(z)-/(z,))+  2   p*log(/(z)-Fo)
V/ -1 k = 1 /

1    f (2ä/log(F(0-/(z,.)))-+ 2   p^logiFiO-FiQ))-)

• d( 2   aylog(F(C) -fizj)) + 2   ptlog(F(0 - FiCk)))  > 0.

Now we have on | z | = r the Laurent expansion

(2)
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Z   a,log(/(z)-/(z(.))+  Z   ptlog(/(z)-FO
j = i k = l

-k^w&i-*+>(>-*)***»(*-■&)
+ constant

n i     co 1 /Z  \q\ °°

=   Z   Xjl   Z     Amlzmz) -  Z   —(—I    + constant + Z pk Z   Am,zm^"'.
j' = l \m,l = 0 q=l    1\z  '   1 k = l     m,l=l

Also we have on | Ç | = p the Laurent expansion

S   «,log(F(Q -f(zj)) + Z   p*log(F(0 - F({4))
y=i

+ constant

n co iV i     co °°1/r\î\

= z «, z «t'f z pj z  dmlcrrl - z iff
jr = l        m,l = l * = 1        \m,l = l 4 = 1     2\W   /

+ constant.

Inserting these expansions in inequality (2), performing the indicated integrations

and dividing by % we obtain

co n/co \ Jf / oo \

Z   m   Z   aJZ   Amlz) \+ Z   pAX   Xmlrkl
m = l j = l \1 = 1 / k = l \l = l I

2j.2m

+ Z  /
(3)

1 = 1

z «,. z Am¡Zjm + z pÄ z dj:r)
j=l \m=l I k=l \m=l I

2p-2l

co       * n , co        -i       JV

^ Z -   Z ¥;V2'+ Z - Z &£,
= i  9.    /-i i  3  * = i

v.
Letting r and p tend to 1 and performing an explicit reduction of the right-hand

side we have

oo n /co \ N r  co \     2

Z   m   Z   äj-IZ   ¿mIZ; I + Z   pj Z   AmIC*')
m = l ;=i \1 = 1 /        fc = l \l = l /

co.fi /co \ IV /co \       2

+ z Hz «,(i xmlzf +z pjz dmIcr
1 = 1       '( = 1 \m = l / ¡fc = l \m = l /

n IV

^-    Z    a,-ärlog(l - ZjZj.) -    Z       PÄ-logil-C*-1^"1).
j,j' = i t,t' = i

This is just the inequality (1).
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Corollary 1. Using the terminology of Theorem 1, let in addition Zp,

p=l,--,t,t> I, be points in |z|<l, nq, q = l,--,T, T>0, be points

in |C|>1. Letßp,p = l,---,t, be complex constants satisfying Hp~yßp — O,

vq, q = l,--,T, be arbitrary complex constants. Then

(- 2   ^iog(i-zpzp,))
\    p,p' = l /

(4)

2   ¿aAiog^Ä)+2   2 Wog (i-ff)
j = l  p = l zj~£lp P = l  * = 1 \ rV»k) I

+   (-2   v,v-og(i-ij7V))
1.9

n T

UW'-ííSKU«* í2^)!'
ú   -     2     a^-log (1 - ZjZj) -    2     PkPklogil - Cfc %1)-

i,i'"V fc.fc' = i

Consider

n

j=y   p=i " Zi~LP P = l   * = 1 \ *(£*)/

which can be written as the following expression and thus evidently satisfies the

inequality

2   2 «A 2   Amlz;z'j +22 p>* 2  xmXzmpçk
j = l   p = l m,l = l p = l   k = l m,l = l

■m = l m      p = l '    /

(oo                 n              /oo \               N             /CO                     \|2\

2   m   2   a,   2 ¿m(z/     +ZAZ   Am/Çfc-(
m = l          j = l         \l = l /           * = 1         \1 = 1                 /I/

Similarly

n T

j = i, = i   J *     \        F(lq)J     * = i , = i       *     \ c(C»-»ff)   /

n T CO NT oo 2

=   2   2 a,v,   2 AmIz,V+ 2   2 p,v4  2 «V
I > = 1   4 = 1 »',1 = 1 * = 1   g = l m, 1 = 1

(°°        1 T I    \

2 4 2 Mf- ')
(00 n /oo \ tf /oo \|2\

2 2 a,(2 AMlz7 )- + 2 pk   2 dmlr-r)      .
1 = 1 j = i       \m = l / * = 1 \m = l /i/
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Combining these inequalities, using the evident reduction of the first term on the

right-hand side in each case and employing inequality (1) we obtain at once

inequality (4).

Inequality (4) can be reduced to various other forms, but we will confine our-

selves to considering the following special case.

Corollary 2. Let f(z) be regular and univalent for |z| < 1 with f(0) = 0.

Let F(Q be univalent in |C| > 1 and regular apart from a simple pole at the

point at infinity where it has the Laurent expansion F(C) = cZ, + c0 + cxÇ~ + ■■-.

Let the images of \z\ < 1 by w =f(z) and of |ç| > 1 by w = F(Ç) be nonover-

lapping. Then for |z|, |Z| < 1, |Ç|, |i;| > l,a,p arbitrary complex numbers

we have

r     Inert      lyl2^-i|..,„„/'(0)zZ(/(z)-/(Z))   ,      .      /,      f(Z)\    2
[-iog(i-|z|)]   |«log  /(2)/(Z)(z_Z)    +^1°g(1-F(öJ

(5) +[-log(l-M-3>r   |alog(l-^)+plog^f>L|2

^-|a|2log(l-|z|2)-|p|2log(l-|ç|-2).

This is obtained by setting in inequality (4), n = t = 2, N = T= 1, z2 = Z2 = 0

and writing z,Z,£tj,a,p for zx,Zx,ix,nx,a.y = - ct2,py.

If in inequality (5) we take z = Z, Ç = n (using limiting values where appro-

priate) and apply Schwarz's inequality, we obtain

h2log^|^) + 2ap,og(l-^§)+p2logc-1F'(0|

g-|a|2log(l-|z|2)-|p|2log(l-|C|-2)

an inequality due to Alenitsyn [1].

Corollary 3.    Under the assumptions of Corollary 2

(6) logjl ~§^) = [logd - |z|2)log(l - \n\-2)-]1'2.

This is obtained by taking a = 1, p = 0 in inequality (5). It improves Alenitsyn's

bound - i[log(l - | z |2) + log(l - 11? |"3)].

3. We denote by C the class of functions/(z) regular for | z | < 1 which satisfy

/(0) = 0 and the condition f(zf)f(z2) / 1, j zt | < 1, | z2| < 1. We denote by

C* the subclass of C consisting of univalent functions.

Corollary 4. Let f(z)eC*. Let |z7| < l,j = 1,•••,/!, \xk\ < 1, k = l,---,N,

|ZP|<1, p = 1,•••,!, |A",|<1, q = l,--,T. Let ctj, j = 1,•••,«, be complex

constants satisfying ¿Zj = yOCj = 0, ßp, p = l,--,t, be complex constants satisfying

Zp = i/?p = 0, pk, k = !,-••,N,vq, q = !,•••,T, be arbitrary complex constants.
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(-  2   ßpßp.iog(i-zpzp)Yl
\   p,p'=i /

•  2  2 aJ./yog/(zj)~((Zp)+ 2  2 ßppkioe(i-f(zp(j(xk))
i = i p = i zj — ̂ p p -1 * -1 v /

+ (-  2   v9viog(i-*,;?;.) V1
\ «,9' = 1 /

(7)

n N

S   -     2     ajä,-log(l - ZjZj.)-    2     p*/vlog(l - xkxk.).
J,j' = i k,k- = i

This is obtained by setting F(Q = (/(C-1))-1, C1 = x, >f * = X in Corollary 1.

Corollary 5.   Letfiz)eC*,let\z\, |z|, |x|, |AT|<1, let a,p be arbitrary

complex constants. Then

J'(0)zZ(f(z) -f(Z))
[-logd-jZl2)]-1 a log-

f(z)f(Z)(z-Z)
+ plog(l-f(Z)f(x))

alog(l -f(z)f(X)) + plog
f'iO)xXifix) -fiX))

fix)fiX)ix-X)
(8) +[-log(l-|x|2)]-1

z%   - |a|2log(l-|z|2)-|p|2log(l-|x|2).

This is obtained by setting F(Q = ifiC1))"1, C1 = x, n'1 = X in Corollary 2.

Corollary 6.   Let fiz)eC*, let \z\, |Z|<1. Then

(9) |log(l -/(z)/(Z))| <L [log(l - | z|2)log(l - [ZI2)]1'2),

/'(0)zZ(/(z)-/(Z))
log-

fiz)fiZ)iz - Z)
±log(l-/(z)/(Z))

(10)
z% [log(l-|z|2)log(l-|z|2)]^2.

These results are obtained by setting X = Z, x = z in (8) and for (9) setting

a = 0, p = 1, for (10) setting respectively a = p = 1 and a = — p = 1. They

generalize results of Alenitsyn.

We denote by K the class of functions /(z) regular for | z | < 1 and such that

/(0) = 0, fizy)fiz2) # -1, | zj |, | z21 < 1. We denote by K* the subclass of K

consisting of univalent functions.

Corollary 7. Let fiz)eK*. Let \z}\ < 1, j = 1, —,n, \xk\ < l,k = l,---,N,

\Zp\ < l,p = l,---,t,   |X,|<1,  q = !,•••,T.  Let a,-, j = !,•••,n,    be complex
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constants satisfying Z/=i«/ = 0, ßp, p = 1, •••,!, be complex constants satisfying

Zp = i/?p = 0, pk, k= 1, ■•■ ,N,vq,q = l,--- ,T,be arbitrary complex constants. Then

(-   Z     ß^log^-Z^.))-1
\    p,p' = i /

•   Z   Z *jßp\og KzJ)-f<-z¿ + Z   Z ßppkiog(i +f(zp)f(xk)) '
j = l   p = l zj      ¿p p = l   k = l

+   (-      Z     ^.logil-X^))-1    Z    Z   oijVq\og(l+f(zf)f(Xq))
\ q,q' = l I J = l   3 = 1

(11)

N

\ = i4 = i ftVOgl f(xk)f(Xq)(xk-Xq)

û  -     Z     a,arlog(l - ZjZj.) -   Z     pkpk,log(l - xkxk.).
j,j' = i k.k' = i

This is obtained by setting F(Ç)= -(AC1))'1, C'^x, iT1=Xia Corollary 1.

Corollary 8.   Letf(z)eK*, let\z\,\z\,\x\, \x\<l, let a, p be arbitrary

complex constants. Then

[-logd-lzl2)]-1! «log/-^#^P)+,log(l+/(Z)/W)

(12)

+ [-log(l-|z|2)]-

/(z)/(Z)(z-Z)

alog(l+/(z)/(X)) + plog
f'(0)xX(f(x)-f(X))

f(x)\f(X)(x-X)

^   - |a|2log(l-|z|2)-|p|2log(l-|x|2).

This is obtained by setting F(Q = -(f(l~1)T1,l~'i = x, ij_1=Xin Corollary 2

Corollary 9.   Letf(z) e K*, let \ z |, | Z | < 1. Then

(13) |log(l +/(z)/(Z))| < [log(l - |z|2)log(l - |Z|2)] 1/2,

(14)

/'(0)zZ(/(z)-/(Z)) ,
,0g   f(z)f(Z)(z-Z)     ± l0g(1 + /(Z)/(Z))

^ [log(l-|z|2)log(l-|z|2)]1/2.

These results are obtained by setting X = Z, x = z in (12) and for (13) setting

a = 1, p = 0, for (14) setting respectively a = p = l, a=—p = l.

Corollary 10.    Letf(z)eK. Then, for \z\ < 1,

|/(z)|^|z|(l-|z|2)-^2.

This result is obtained for/(z) eK* by setting z = Z in (13) to get

log(l + |/(z)|2)^-log(l-|z|2)
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and reducing by elementary means. For/(z) e K the result follows by the principle

of subordination. Earlier proofs of this result use quite different techniques [9], [13].

It should be remarked that Lebedev [12] has also applied the Area Principle

to the families C, C*, K, K*. His method is slightly different technically. Reduced

to the present context it would give an inequality corresponding to (4) but with

the assumption n = t = N + 1 = T+ 1. His problems for the above classes are

not those treated here.

4. It is possible also to treat questions of the same general form as those in

Theorem 1 by the traditional techniques of the method of the extremal metric.

One is naturally led to a different form of inequality. Of particular interest is the

fact that it is not necessary to require univalence of the functions involved.

Theorem 2. Let fiz) be meromorphic in |z| < 1. Let £(Q be meromorphic

in | C| > L Let the images of | z | < 1 by w =/(z) and of lu > 1 by w = F(()

be nonoverlapping ias point sets). Let zx,---,zn be 'distinct) points in |z| < 1,

and Ci,---»C/v be idistinct) finite points in |£|>1. Let a¡, j = l,---,n, ßk,

k= l,---,N, be positive constants such that 2"=^- = 2&=ipV Denote

Piu,v) = iu-v)il- vu)'1. Then

n \f'(zj)\"'ñ \n^k)\ßl n i/(z,)-/(Zí)i2""
i = i * = i }*i;j,i

• n   \FiCk)-Fiu\2M-h n nzj)-Fiu)\-2xjßk

^ n \p(zj,zù\2""  n \p(tM\2Mmn. (i-i»ii'H
f+l'J.l k*m;k,m j = X

■ n d-M2)"'*.*=i
This formula applies to the case where none of fiz j), j=l,---,n, £,k, Fi£k),

k= l,---,N, is the point at infinity. In case one or more of these exclusions

fails, an appropriately modified formula replaces (15).

In | z | z% 1 we regard the function

U(z) = log(n   I-Píz.zy)!"')

which is equal to zero on |z| = 1, negative in |z| < 1 and with negative loga-

rithmic poles at the points z¡, j = 1, --,n. The level set Ut consisting of points

where l/(z) = — í (i > 0), if we exclude a finite number of values of t correspond-

ing to critical points, consists of a finite number of Jordan curves which, together

with j z| = 1, bound a multiply-connected domain Dt containing none of zjt
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j = 1, ••-,«. Let T denote the family of sets of Jordan curves which have this pro-

perty and rt its subfamily for which the curves lie in Dt. Let the module of D, for

the family of curve sets T, be denoted by Mt. It is well known that, taken in L-

normalization [9, p. 14], the function (27t 2" = yotf)'1 |grad I7(z)| is extremal for

this  module problem and that

M, = (lit 2   djYh.

In | C | = 1 we regard the function

no = iog(tn \Pic,ck)\~ßk)

which is equal to zero on | £ | = 1, positive in | Ç| > 1 and with positive logarithmic

poles at the points C,k, k = l,---,N. The level set Vs consisting of points where

V(Q = s (s > 0), if we exclude a finite number of values of s corresponding to

critical points, consists of a finite number of Jordan curves which, together with

|£| = 1, bound (on the ^-sphere) a multiply-connected domain As containing

none of Çt, k = l,---,N. Let A denote the family of sets of Jordan curves which

have this property and As its subfamily for which the curves lie in As. Let the

module of As for the family of curve sets As be denoted by Ns. As above, taken in

L-normalization, the function (2tc 2* = yßk)~1 | grad V(Q | is extremal for this

module problem and

For convenience let us write Wj =fizf), j = l,»»»,n, cok = F(Çk), k = l,---,N.

We now consider the function

wTw)=iog(n \w-wj\" nh»*r'i
\J » 1 k = 1 /

This function has negative logarithmic poles at Wj, j = 1, ■••,«, and positive log-

arithmic poles at cok, k = 1, •••,N, is harmonic elsewhere on the w-sphere because

of the condition 2j=ia;= ¿Zk = 1ßk. The orthogonal trajectories of its level

curves which have a limiting end point at wp j = 1, ■■-,n, tend in the other sense

to one of the cok, k = 1, ■•-,N, apart from possibly a finite number which tend to

critical points of WTw). An analogous remark applies to those orthogonal tra-

jectories which have a limiting end point at cok, k = l,---,N.

We may assume that/'(z»), /■» 1,••■,», F'iCk), k = l,---,N, are all nonzero

since otherwise our inequality (15) is trivially satisfied. Likewise we may assume

that Wj # w„ j ^ I, cok # com, ki=m. Now we take t sufficiently large that U,

consists of« Jordan curves yjit),j = l,---,n, respectively enclosing z¡,j = 1, ••-,«,

that f(yj(t)), j = l,---,n, is a Jordan curve bounding a domain starlike with
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respect to Wj for the orthogonal trajectories of the level curves of IF and that for

any value — x of !F(w) on U"=i/Yj,(t)) the corresponding level set, W(w) = — x,

consists of n Jordan curves y'¡(x), j = 1, • ■ -, n, respectively enclosing Wj, j = 1, • • -, n.

Further we take s sufficiently large that F, consists of N Jordan curves At(s)

k = l,,---,N, respectively enclosing Çk, k = 1,---,N, that F(Àk(s)), k = l,---,N, is a

Jordan curve bounding a domain starlike with respect to cok for the orthogonal

trajectories of the level curves of IFand that for any value a of W(w) on [Jk = yF(Àk(s))

the corresponding level set, IF(vv) = cr, consists of N Jordan curves Xk(o),

k = !,■••,N, respectively enclosing cok, k = l, •••,AT.

The image of |z| < 1 under w =f(z) is now regarded as a Riemann domain

which we denote by 91. The image f(yj(t)), j = l,---,n, lies in a simple sheet of 5Î

containing the image of z¡. Through each point of f(y¡(if) we draw a covering of

the orthogonal trajectory to the level curves of IF(w) through its projection.

This is continued on 9Î in the sense away from ws as far as possible without the

orthogonal trajectory meeting a critical point of W (which can happen at most a

finite number of times) and without the covering meeting a branch point of 5Î

(the latter occurs in at most countably many cases). These curves sweep out a

subset 2,j of 5Î which lies smoothly above the w-plane. At all points of £,• we can

use w as a local uniformizing parameter on 5R and denote by g(w) | dw | the metric

obtained by projecting(27tZ"=iay)-1 |grad IF| \dw\ up into 9?. We can carry

this metric back from U"= ytij to its inverse image in | z | < 1 by the relation

p'(z) = g(/(z))|/'(z)|.

The metric p(z) \dz\ obtained by setting

p(z) = p'(z)   where latter is defined,

p(z) = 0 elsewhere in Dt

is seen at once to be admissible in the module problem defining Mt.

By an exactly parallel construction on the Riemann domain S which is the

image of | £ | > 1 under the mapping w = F(Ç) we obtain smooth covering subsets

Ek, k = 1,---,N, of S corresponding to a suitably chosen value s and a metric

<t(0 \dÇ\ admissible in the module problem defining Ns.

Let

Xj= - min IF   on f(yj(t)), j = 1, —,n,

and

<rk = max IF  on F(Xk(s)), k = 1,---,N.

The projections into the w-sphere of E,-, j = 1, •■-,«, and Ek, k = 1, •••,N, axe all

disjoint and their union
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7=1 t=l

is contained in the domain (5 bounded by the Jordan curves y](ij), j = l,--,n,

and l'k(crk), k= l,---,N,

We readily deduce

(16)

and

T;=i-a>g|/Tz,.)|-iog(n h-w,|*-n ¡Wj-co^)

f(i-|z,i2)-^n \nzj,zd\"+ log + o(l)

(17)       fffc = s-Älog|F'(y|-log(n   \<ok-Wj\-'  EI   \(Ok-com\ßA
\j=l m*k I

+ log (i-li*lVkn \p(Ck,u\ßm]+o(i).
m±k J

Further we see at once that in the metric |gradw| I ¿withe domain (5 has area

n N

2n  2   ayr,- + 27T  2   ßk°~k-
j = i

On the other hand (2n 2" = iay) 2 times this quantity is an upper bound for

M, + N5. Employing the expressions (16) and (17) we thus have

¿C?, "')" í(í, "')' - k "îlog|/'(z'-)|

- î «ii°s(n i»j-»,i"n i-y-».i"")
j=l \l*j k=l I

+   2   a,log[(l-|zy|2)-^n   KW)"]
]=i 1 i*/ J

+  (Z   ßk)s-  2   ft2log|F'(Q|
U=l        / k=l

-1 Aiogf ri k - w, i -*j n i «a* - a-H
t = l \ J=l mstfc /

+ 2 Äiogfa-I&kl2)-'*!! |p(C*,ur 1 + 0(1))
* = 1 1 m*fc J 1

^  Í2ti 2   ay)_1i + [271 2   ßk\~ls.

Recalling that 2 "= yotj = 2*= yßk, we can cancel the terms in t and s and then

take the limit as these quantities tend to infinity. We obtain
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-   Z   a2log|/'(z,)| - Z   a,log(n   h-w,|"fl   l^-^l^)
j=l j=l \l*j k=l I

+   Z   a.logKl-lz,!2)-"   FI ¡KzpZiTl
j=l I l*j J

- z j82iog|F'(cfc)|- z Aiogffi \<*>k-wj\~"j n \«>k-o>m\ßA
k=l k=l \j=l m*k I

+ z Äiogfa-ic»!2)-'* n i^>orl = o.
k=l L m*k J

Exponentiating, we obtain the inequality (15).

Theorem 2 has variants obtained by allowing some f(zf), j = l,--n, Ck, F(Ck),

k = 1,---,N, to be the point at infinity. Instead of stating these in the general case

we confine ourselves to the following situation.

Theorem 2'. Let f(z) be regular in \z\ < 1 and satisfy f(0) = 0. Let F(Ç) be

meromorphic in |C| > 1 and have Laurent expansion about the point at infinity

F(Q = cÇ + c0 + cir1 + -.

Let the images of |z| < 1 by w =f(z) and of |£| > 1 by w = F(() be nonover-

lapping. Let cty, x2, ßy, ß2 be positive constants such that aj + a2 = ßy + ß2. Then

for \z\<l, |C|>1,

l/'Wli/'^l^lF'^r^l-^l/ízíl^lFÍOl-^^l/íz) - F(0|"2^
(18)

^    |z|^«|C|-2plfo(1 _ |Z|2)-"!(|C|2 _ ,)-/>!_

This result is obtained from (15) by a limiting process or can be obtained by

direct application of the method of proof of Theorem 2 in this situation. It gene-

ralizes a result of Alenitsyn [1] who required that/and F be univalent and that

ccx = a2 = ßx= ß2 = 1.

It seems worthwhile to emphasize again the essential role played in the proof of

Theorem 2 by the structure of the orthogonal trajectories of the level curves of

!F(w>), especially since Pfluger and Hersch [4] seem to have missed this point in

the paper where these methods were used for the first time [5]. Rather than

entailing "restrictive hypotheses," it is the structure of such curves which enables

one to relate the module of a family of image curves to the module of a curve

family with similar topological situation.

5. Corollary 11. Let f(z)eC. Let a,, j = l,--,n, ßk, k = l,---,iV be positive

constants such that Z" = 1a,= 2Zk = yßk. Let z¡, j ■» 1, •••,», Zk, k = 1,---,N, be

points in | z | < 1. Then
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n \nzj)\x'ñ ¡/'(¿of n i/^-zo^r*'
J = l fc = l j±l;i,l

(i9)    • n   \Rzk)-fizm)\2i!^Y[ n |i-/(z,)/(zfc)|-2a^
k=£m;k,m j = I    k~ 1

z n \x*p*d\Uimn \nzM\2hPmn (i-WT^ñd-w*
j*l;j,l k*m;k,m j = 1 i=l

This is obtained by setting in (15), F(0 = (/(C"1))"1. C*-=Z*-1. k = l,--,N.

This presumes a priori that Zt, f(Zk), fc = 1,»»»,N is not zero. However this

condition can evidently be dropped.

Corollary 12. Let f(z)eC. Letal5a2,ßy, ß2 be positive constants such that

ax+a2 = ßx+ ß2. Let |z| < 1, |Z\ < 1. Then

i/,(0)r'+/i?i/'(2)r22i/'(z)rli/(z)i2ai5,2i/(z)i2/ii/,2ii-/(z)F(z)|-2^

} ^ |z|3"1«|Z|a't^l-|z|V"^l-|Z|2)'*'1.

This is obtained by setting in (18), F(C) = (/(£" x))~ S C = Z_1. This presumes a

priori that Z # 0 but this condition is evidently superfluous. It generalizes a result

of Alenitsyn [1] to which it reduces by taking aj = a2 = p\ = ß2 = 2~1/2, z = Z.

Corollary 13.   Let f(z)eC. Let |z|<L |Z|<L Then

|/'(z)/'(Z)| |1 -/(z)/(Z)|-2 z% (1 -{zfy'il -\z\2)-\

This is obtained by setting in (19), ocy = ßy — 1. It generalizes a result of Geifer

[2] to which it reduces by taking Z = z and one of Alenitsyn [1] to which it

reduces by taking Z = 0.

Corollary 14. Let fiz)eK. Let <Xj,j = l,---,n, ßk, k = l,---,N, be positive

real constants such that 2/=^= 2¿"= yßk. Let z},j = 1, ■••,«, Zk, k= l,---,N,

be points in jz|<l. Then

û\f^j)\^n\f'(zù\0i n ifw-mi2"* n \ñZk)-ñzj\2M
j = l k = l j*l;j,l k*m;k,m

■n n \i+Kz,)Kzk)\-2"ßk
7 = 1   * = 1

g n i^wi^ri ^.zji^-no-NT^na-iz»!2)-'*.
j*Uj,\ k*m;k,m j = X k = l

This is obtained by setting in (15), F(0 = - ifiC1))'1, &"1 = Zk, k = 1, -,N.

This presupposes a priori that Zk,f(Zk), k = 1, •••, JV, is not zero. This condition

is evidently superfluous.
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Corollary 15. Let f(z)eK. Let <xx,a2,ßx, ß2be positive constants such that

ax + «2 = ßx + ß2. Let | z | < 1, | Z | < 1. Then

|/'(0) \^ß*\f'(z) f\f'(Z) f\f(z) |2""|/(Z) |2*^| 1 + /(z)/(Z)|-2^

S\z\2x™\z\2ßllh(l - \z\2)-*\i - \z\2)-"K

This is obtained by setting in (18), F(Q = - (M'1))'1, Z-f"1.

There are of course many other special cases of the preceding results which

have considerable interest. Also they can be combined with the earlier results in

various manners.

6. We will now give an application of the General Coefficient Theorem to the

class K*, choosing the particular problem of maximizing \A2\ in the expansion

f(z) = Axz + A2z2 + -

when | Ax | is given. We begin with the construction of the functions which play

the extremal role. Let A(r), t = 0, denote the domain in the £-plane (Ç = £ + it])

bounded by the half-lines

n = t,       Ç=-l,

« - -1, nut,
ri=-t,   Í = U

« -1,    nn-t.

We denote the points — 1 + it, 1 — it by B, D and the boundary points of A(r) at

infinity by A, C so that A, B, C, D lie on the boundary of A(r) in natural cyclic

order. We map A(i) conformally onto the left-hand half-plane 9îw < 0 so that A

corresponds to w = 0, D to w = oo. Since the mapping Ç -* — Ç of A(i) onto itself

corresponds to a linear transformation of the half-plane onto itself interchanging

the origin and the point at infinity we may further normalize the mapping so that

£ = 0 corresponds to w = — 1. Then B and D correspond respectively to points

ia, — i¡a for a >0.

If we extend Ç as a (non-single-valued) function of w to the whole w-plane by

reflection in various segments of the imaginary axis we see that dt,2 is a quadratic

differential on the w-sphere with triple poles at 0,oo and simple zeros at

ia, — ia~1. Thus we can write

jc2       . (w - ia)(w + ia-1)   , ,
dC = qi--\- dw2

w3

for a suitable positive constant q.

Let us map the semicircle | z | < 1, 9îz < 0 onto the portion of A(i) in the

upper half-plane so that the origin corresponds to A, the point z = i to £ = — 1
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and the point z = — i to f = 1. Combining this with the above mapping into the

w-plane and extending by reflection across the segment joining i and — i in the

z-plane and its corresponding segment in the w-plane we obtain a function regular

and univalent for | z | < 1 which we denote by f(z, t). We denote the image of

| z | < 1 under the mapping w =f(z, t) by D(t). The latter is bounded by a trajectory

of dÇ2 for í > 0 and by two trajectories of dï,2 having common end points at

ia, - ia'1 for t = 0. Clearly /'(0,i) > 0.

Let a* be the value of a for t = 0. Let D( — s) be the subdomain of D(0) obtained

by slitting it along the segment 9îw = 0, s í£ 3w ^ a*, where 0 < s < a*. Let

f(z, — s) be the function mapping | z | < 1 conformally onto D( — s) so that

/(0, - s) = 0, f'iO, - s) > 0.
In this way/(z,i) is defined for t > — a* so as to depend continuously on the

parameter t in the evident manner. Let it have expansion about the origin

f(z, t) = X(t)z + ík(í)z2 + •■■.

We see that X(t) > 0 and tc(t) is real. They are continuous functions of t.

Lemma 1. Let f(z)eK* with f'(0) = X, X>0, and let f(z,t) be such that

X(t) = X. Let f(z) have expansion about the origin

f(z) = Xz + A2z2 + •••.

Then \A2\^ k(i) with A2 = iK(t)e~m occurring only for f(z) = e,ef(e~mz, t), 9 real.

Let $ (w,t,9) be the function inverse to the function e'ef(e~'ez,t) which we

denote by f(z, t, 6). It is defined in the domain e'eD(t) which we denote by D(t, 9).

Let ^(w, t, 9) be the function inverse to the function — (f(z ~\t,9))~1. It is defined

in the domain D'(t,9) obtained from D(t,9) by the transformation w-» — w'1.

We apply the General Coefficient Theorem [9] with 9Î the w-sphere,

n, ^ 2      • -ie(w — iel6a)(w + ie^a'1)   , ,
Q(w)dw2 = te '"---^- dw2,       t > 0,

= fc-<»-■**)(»+1**)-') d<  t < 0j
W3 -

the admissible family of domains consisting of {D(t,9), D'(t,9)}. The admissible

family of functions consists of {/(0(w,t,9)),  -(/((^(w.f.ô))"1))"1}.

The quadratic differential has poles Px, P2 of third order respectively at the

origin and the point at infinity. The corresponding coefficients are

a(1) = iew,   a$> = (ie-,eK(t) - A2)X~2,

a(2) = ie~ie,   a02) = (ieieK(t) + Ä2)X~2.

The General Coefficient Theorem then gives
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9t{few(ie"wic(0 - A2)r2 + ie~"(Ä2 + iV\(í))A"2} ^ 0

or

5R{ - iei9A2 + ie~ieA2} z% 2k(i)

or

(23) m{ - ieiBA2) ̂ K(t).

Suitable choice of 0 gives

\A2\úK(t).

The equality statement follows from equality condition (i) in the General Coef-

ficient Theorem [9].

It is evident that the functions/(z, t) are all distinct. Since they all belong to K*

it follows from Lemma 1 that A(r) is a monotone function of t. As í approaches

— a* clearly Ait) tends to zero. Thus Ait) increases monotonically with t. Since K*

is a normal family, from any sequence {/(z,r„)}f with lim,,.^ t„ = oo we can ex-

tract a convergent subsequence. As t -* oo, D(i) converges to the strip — 1 < 3£ < 1,

so the corresponding mapping will converge to w = — expQniÇ). The same is

true for the mapping corresponding to the z-plane. Thus the limiting function of

the above subsequence must be z. In particular as t tends to infinity A(r) tends to 1.

Given X, 0 < X < 1, there is a unique function/(z, i), t > — a* with/'(0, i) = X.

We denote this function by £(z,A) and its expansion about the origin by

£(z,A) = Xz + iviX)z2 + •■■.

We include the case X = 1 by setting £(z, 1) = z. The result of Lemma 1 may be

rephrased as

Theorem 3.   Let 0 < X ̂  1 and let /(z)eX* with expansion about the origin

/(z) = Xz +A2z2 + — .

Then \A2\<L v(A) with A2 = ie~i9v(A) occurring only for /(z) = eifl£(e"i8z,A),0

real.

The case X = 1 is trivial.

7. We can apply the General Coefficient Theorem also to the class C* but in

this case the admissible family of functions would have to be {/(<D(w, i, 0)),

(/( — OF(w,i,0))-1))-1} and the preceding argument would lead to the inequality

SR{-icos0yi2}^K(i)

instead of (23) and thus would not provide a bound for | A21. However by utilizing

our previous results on the bound for jy(re<0) I when \AX | is given we are able to

prove that | A21 g v(A) for | Ax | = X in this case also. We will carry over the not-

ations of the paper [6] without necessarily repeating the definitions. We consider
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the function — F( — z; r, X) in order to correspond to our present normalization.

This function satisfies the differential equation

(w + iD(w-irl)     /dw\2 =    (z + ip)(z + ip~l)

w2(w + im)(w — im'^ydz J       z2(z + ir)(z + ir_1)

in which 0<r<l, r^p^— 1, m>0 where — im is the image of — ir under

the mapping w = — F( — z;r,X) and where — il is either the image of — ip under

this mapping (when p > — 1) or lies in the boundary of the image of |z | < 1

(when p = - 1). We know that if f(z)e C* with |/'(0)| = X then |/(rei9)| ^ m.

Moreover as p varies from r to — 1 the corresponding X decreases monotonically.

In particular when p = 0 we get the overall maximum of |/(re,9)| the corres-

ponding function F(z; r,X) being (1 - r2)1/2z(l + i>z)_1 where X = (1 — r2)1'2.

Thus for given X, 0 < X < 1, by choosing r small enough we may assume that

— 1 g p < 0. Then the corresponding value / is less than zero. Now from the

functions — F( — z ; r, X) as r approaches zero we can extract a convergent subse-

quence and the limit function is evidently in C* with derivative X at z = 0. By

choosing a subsubsequence if necessary we may assume that the associated values /

also converge to a value I* a priori possibly 0 or — oo . The latter are excluded if

the corresponding values of p are — 1. If the corresponding values of p are > — 1

they must also converge and I* cannot be — oo. It can be zero only if the limit for p

is zero. Otherwise we may denote either — 1 or this limiting value by p*.

Recalling that the coefficients in the explansion about the origin of a function

in C axe uniformly bounded by 1 in absolute value [11] we have

\m-Xr\^r2(l-ry\

Thus as r-»0 we have mfr-*X. If we had l->0 we would have also Ifp->X.

Thus the limiting function, denoted by h(z), satisfies the differential equation

. (w + if*)(w-i(l*)"1) /dw\2 m .(z + ip*)(z + i(p*)"x)

w3 \ dz) z3

if /* # 0 or

1    /dw\2 _      J_

w2  \ dz) z2

if I* = 0. In the latter case the limiting function would have to be Xz. However

± 1 are on the boundary of the image of | z | < 1 under the mapping

w = — F( — z;r,X) and it follows by domain convergence that ± 1 must be on

the boundary of the image of | z | < 1 under the mapping w = h(z). This would be

impossible if I* = 0. Hence I* # 0 and w = h(z) maps | z | < 1 onto an admissible

domain with respect to the quadratic differential

.   (w + il*)(w - ill*)   , 2
i--i-■—- dw1.

wJ
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Once again ± 1 are boundary points of the image and thus /i(z) is exactly that

function /(z, r) introduced in §6 for which /'(0, t) = X.

Now suppose there were a function /(z) e C* with expansion

f(z) = Xz + A2z2 + -

and \A2\ > v(X). Then for suitable real 0

\firete)\^Xr+\A2\r2-r\l-r)-1,

while

¡ F(ir; r,X) | z% Xr + (v(A) + o(l))r2 + r'(l - r).

By choosing r sufficiently small we obtain an evident contradiction. Thus we

may state

Theorem 4.   Let 0 < X z% 1 and let /(z)e C* with expansion about the origin

fiz) = Xz + A2z2 + -.

Then \A2\zZviX).

The case X = 1 is trivial. A proof of this kind does not normally give an equality

statement.

8. There have been several approaches to defining families of functions in

analogy to the Bieberbach-Eilenberg functions. Of course there is Shah's defi-

nition, indicated above. Further Goodman [3], concentrating on the fact that the

ransformations w-> w,w-+ w ~1 form a group of linear transformations on the

w-sphere, considered families of functions conditioned by their behaviour relative

to more general groups of linear transformations. Other extensions in similar

directions could also be made. However it appears that perhaps the most evident

extension has not been considered. Indeed, given any closed set S of points in the

sphere not containing the origin or the point at infinity, we can consider the

family which we may denote by C{S} consisting of functions /(z) regular for

Izj < 1, with /(0) = 0, which satisfy the condition

(24) f(zx)f(z2)stS,       \zy\<l, |z2|<l.

Similarly we can define the family K{S} for which the condition (24) is replaced by

(25) f(zy)f(z2)$S,       \zy\<l,\z2\<l.

Any such family is normal and thus it is significant to study the standard extremal

problems for them. We denote the corresponding families of univalent functions

by C*{S}, K*{S} respectively.

The simplest case would be where S consists of a single point, say a. We will

use for the corresponding families the simplified notations C{a], K{a}. The
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family C{d} differs from C only by a nonessential normalization. Indeed if

f(z) e C{a} the function a~ 1/2/(z)eC (for either choice of root). However the

families K{a} display interesting new phenomena. Once again by normalization

it is sufficient to confine our attention to the families K{e'e}, 9 real. K{ — 1}

is the family K. K{1} is the family of bounded functions, i.e. those with |/(z)| < 1

for |z| < 1. Thus the results of §2 and §4 can be applied to obtain numerous

results for such functions. The condition thatfeK{el6} can be expressed by saying

that the images of |z| < 1 by/and e'9/-1 do not overlap. Every extremal function

we have met for K has the property that the closures of the appropriate non-

overlapping images fill the whole sphere. An analogous situation obtains for C.

In the general situation, however, something quite new occurs.

Theorem 5. LetfeK{e'e} where 9fn is irrational. Then the closures of the

images o/|z| < 1 by fand el9f~x fill the whole sphere only if \f(z)\ < 1 for

\z\ <1.

We note first of all that if feK{ew}, also feK{e~w}. Now suppose that the

closures of the images of | z | < 1 by / and e'ef~% fill the whole sphere while, for

| z | < 1, f(z) assumes a value c with | c| > 1. Then e af~x takes for | z | < 1 all

values in a neighborhood of e'ec ~ ' and / omits these values. This means that

e'ef~* must omit all values in a neighborhood of e2,ec thus/ must take this value.

Then / would take for | z | < 1 all values e2"'ec, n integral. Reduced modulo 2n

the values 2nd lie dense on the interval [0, 2it) thus/would take values dense on

the circle of radius |c|>l. This would contradict the assertion that

e'8/-1  assumes   a   value   of  modulus   less   than   1.

It is clear that certain simple extremal problem will have as solutions functions

/ not satisfying the condition |/(z)| < 1 for |z| < 1. Then for these functions

there are points exterior to both the images of |z| < 1 by / and e'ef~%. We

will not pursue this matter further here.

In case 9fn is rational we have a situation much closer to that for K. In par-

ticular we have the following result.

Theorem 6. IffeK{i} then it is subordinate to an odd function in K*{i}.

The odd functions in K*{i} coincide with the set of functions (g(z2))112 where

geK*.

Let D be the union of the images of |z| < 1 by /and —/. Since K{i} = K{ — i},

D has no point in common with the image of | z | < 1 by if"1 or — if~1. Let A

be the complement of that component of the complement of D which contains

the point at infinity. It is evidently symmetric in the origin and does not meet its

image under the transformation w -* iw-1. Thus a function F(z) mapping | z | < 1

conformally onto A with F(0) = 0 is an odd function in K*{i}. Clearly f(z) is

subordinate to F(z). The last statement of the theorem is explicitly verified at once.
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Corollary 16.   LetfeK{i). Then for 0 real, 0 < r < 1,

l/ooi^ra-»-4)"1'4»

Equality occurs only for the functions e'*(l — *-4)1/4z(l — r2e~2,ez2)~112, cb real.

This follows from Theorem 6, Corollary 10 and the equality statement for the

latter (see [9, Theorem 7.2]).

9. In the paper [6] it was stated that the precise bound for \f(re'e)\,f eC,

0 < r < 1, 0 real, |/'(0)| = c, 0 < c ;£ 1, follows from the corresponding bound

for/ e C* by "subordination." It is easily seen that this statement is unjustified as

was pointed out by Hayman in his review ofthat paper (Math. Reviews 16 (1955),

25) although to this day I have not seen what the example he gives is supposed to

prove. The reason that the subordination argument fails is because, although/is

subordinate to an FeC* we will in general have |F'(0)| > c. Oddly enough this

very point was treated meticulously in the paper [7] which followed shortly after.

However a considerable part of the above statement is actually true. To see this

one must study the behaviour of the quantity 3F(i>; r, c) for fixed r and 0 < c g 1.

We know that, as a function of c, this is continuous, tends to zero as c -» 0 + ,

takes the value r when c = l and is maximal for c = (1 — r2)1/2. Now we

can see that actually it increases monotonically as c goes from 0 + to ( 1 — r2)l ! 2 and

decreases monotonically as c goes from (1 — r2)1/2 to 1.

Lemma 2. For fixed r,0<c^l, 3F(i>; r,c) increases (strictly) monoto-

nically from 0 to r(l — r2)~1'2 as c increases from 0 + to (1 — r2)1/2 and decreases

(strictly) monotonically from r(l —r2)~1/2 to r as c increases from (1 — r2)1/2

toi.

This follows by the same arguments used to prove the extremal proporties in [6]

and indeed without the application of any symmetrization.

Theorem 7. Let f(z) eC, 0<r<l, |/'(0) | = c, (1 - r2)1/2 ̂  c z% 1. Then

for 0 real

|/(rei9)|^3F(i>;r,c).

Equality can occur only for the iunivalent) functions  ± F(/e-'9 z; r,c).

Indeed /(z) is subordinate to a function F(z) e C* with | F'(0) | = c' ^ c. Now

max |/(z) | ^ max | F(z) \ z% 3F(i>; r, c') ^ 3F(i>; r, c)
z=r z=r

by [6, Theorem 3] and Lemma 2. The equality statement follows by a consideration

of when equality can occur in the above chain of inequalities together with an

application of the uniqueness result for symmetrization [8]. The latter result

was of course obtained after the appearance of [6].

Naturally the parallel result applies to the family K.
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Theorem 8. Let f(z) eK,0<r<l, |/'(0) \ = c, (1 - r)1/2^ c z% 1. Then for

9 real

\f(ré6)\=^F(ir;r,c).

Equality can occur only for the (univalent) functions e"*F(/e-,9z; r,c), <b real.

This is obtained by proving a parallel to [6, Theorem 3] for/univalent (which

does not need a symmetrization argument) and then using the same proof as for

Theorem 7. Alternatively the proof can be given directly without a subordination

argument by using the method of simple coverings as in §4.

Bibliography

1. I. E. Alenitsyn, A contribution to the theory of schlicht functions and Bieberbach-

Eilenberg functions, Dokl. Akad. Nauk SSSR. 109 (1956), 247-249. (Russian)

2. S. A. Geifer, On the class of regular functions not taking on any pair of values w and — w,

Mat. Sb. (N.S.) 19 (1946), 33-44. (Russian. English summary)

3. A. W. Goodman, Almost bounded functions, Trans. Amer. Math. Soc. 78 (1955), 82-97.

4. J. Hersch and A. Pfluger, Principe de l'augmentation des longueurs extrémales, C. R.

Acad. Sei. Paris 237 (1953), 1205-1207.

5. James A. Jenkins, Some results related to extermal length, Contributions to the Theory

of Riemann Surfaces, Annals of Mathematics Studies No. 30, pp. 87-94, Princeton Univ.

Press, Princeton, N. J., 1953.

6. -, On Bieberbach-Eilenberg functions, Trans. Amer. Math. Soc. 76 (1954), 389-396.

7. ——, On Bieberbach-Eilenberg functions. II, Trans. Amer. Math. Soc. 78 (1955),

510-515.

8. -, Some uniqueness results in the theory of symmetrization, Ann. of Math. (2) 61

(1955), 106-115.
9. -, Univalent functions and conformai mapping, Springer-Verlag, Berlin, 1958.

10. -, Some area theorems and a special coefficient theorem, Illinois J. Math. 8 (1964),

80-99.

11. N. A. Lebedev and I. M. Milin, On the coefficients of some classes of analytic functions,

Mat. Sb. (N.S.) 28 (1951), 359-400. (Russian)

12. N. A. Lebedev, Applications of the area principle in problems for non-overlapping domains,

Trudy Mat.Inst.Steklov. 60(1961), 211-231. (Russian)

13. Tao-Shing Shah, On the moduli of some classes of analytic functions, Acta Math. Sinica

5 (1955), 439^154. (Chinese. English summary)

Washington University,

St. Louis, Missouri


